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(1) Derivation of the Ginzburg-Landau equations (10 Punkte)

The Ginzburg-Landau free energy functional of a superconductor (filling a volume Ω
with surface ∂Ω) has the form
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where ψ(r) is the order parameter, A(r) is the vector potential with h = ∇×A, and Fn

is the free energy of the normal state that is a constant. To find the equilibrium state
of the system, we look for the minimum of F under variations of ψ and A. Instead
of using the phase and amplitude of ψ as independent parameters, we will consider
F = F [ψ, ψ∗,A] to be a functional of ψ, ψ∗, and A where ψ and ψ∗ are independent
variables.

(a) Find the variation δF of F when ψ∗ changes by an amount δψ∗.

(b) Transform the expression obtained in (a) by using the general formula ∇ · (gf) =
g∇ · f + f · ∇g to eliminate the term containing ∇δψ∗.

(c) Assuming that there is no current passing through the surface of the supercon-
ductor, that is (ℏ

i
∇ − e∗A)ψ has no component perpendicular to ∂Ω, derive the

first Ginzburg-Landau equation:
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(d) Find the variation δF of F when A changes by an amount δA.

(e) Transform the expression obtained in (d) by using the general property∇·(a×b) =
b ·(∇×a)−a ·(∇×b), in order to introduce in δF a term of the form ∇·(h×δA).

(f) Show that the term proportional to ∇ · (h× δA) obtained in (e) cancels with the
volume integration and use the Maxwell equation µ0Js = ∇ × h to derive the
second Ginzburg-Landau equation:
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(g) Use the notation ψ = |ψ|eiφ to give another expression for Js. Identify the super-
fluid velocity vs in this expression.


